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Abstract
We present a general method of constructing W∞ and w∞ gauge theories in terms of
d+2 dimensional local fields. In this formulation theW∞ gauge theory Lagrangians involve
non-local interactions, but the w∞ theories are entirely local. We discuss the so-called
classical contraction procedure by which we derive the Lagrangian of w∞ gauge theory
from that of the corresponding W∞ gauge theory. In order to discuss the relationship
between quantumW∞ and quantum w∞ gauge theory we solve d = 1 gauge theory models
of a Higgs field exactly by using the collective field method. Based on this we conclude that
the W∞ gauge theory can be regarded as the large N limit of the corresponding SU(N)
gauge theory once an appropriate coupling constant renormalization is made, while the
w∞ gauge theory cannot be.
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1. Introduction and Summary
W∞ algebra and its so-called classically contracted w∞ algebra appeared recently in
various problems in physics, in particular in the study of c = 1 string theory [1] and
quantum Hall system [2, 3]. The gauge theory based on these algebras also appeared
in these studies [4, 5]. In fact the same algebras and the gauge theories based on them
had been proposed previously as the theories [6, 7, 8] relevant to the large N limit of
SU(N) gauge theories [9]. But it seems to us that not enough studies have been done to
differentiate the formal and dynamic aspect of W∞ and w∞ theories. In view of the recent
developments we study in this paper this subject as systematically as possible by using
the technique developed in the study of quantum Hall system [2, 5].
The W∞ algebra is a commutator algebra of Hermitian operators of one harmonic
oscillator [10]. It is an infinite-dimensional Lie algebra. If we choose a set of linearly
independent real function of z and z¯ as the parameters of W∞ group, the structure con-
stants of the algebra are expressed in terms of Moyal bracket [11]. Replacing the Moyal
bracket by a Poisson bracket we define the w∞ algebra. It is an algebra of area-preserving
diffeomorphism. As an introduction we discuss this issue in section 2 together with the
so-called classical contraction procedure by which the W∞ algebra is transformed to the
w∞ algebra.
W∞ gauge theory is a gauge field theory ofW∞ as an internal symmetry algebra. The
W∞ gauge potential is a space-time dependent Hermitian operator of harmonic oscillator.
In the coherent state representation it is a function of z, z¯, which we call the color space
coordinates, and xµ (µ = 1, 2, . . . d), the space time coordinates. Thus, we can express
the W∞ gauge theories in terms of d+ 2 dimensional local fields. The interactions of the
fields are necessarily non-local in the color space in W∞ theories, but they are local in
w∞ theories. In section 3 we define W∞ theories as d+ 2 dimensional field theories with
non-local interactions and w∞ gauge theories as d + 2 dimensional local field theories.
Since the W∞ algebra is closely related to the w∞ algebra, the gauge theories based on
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these algebras may also be closely related. In order to see the relationship at classical
Lagrangian level, we introduce the l → 0 contraction procedure by which we derive the
w∞ gauge theories from the corresponding W∞ gauge theories. The procedure consists of
the introduction of a length scale l in the color space, an appropriate scale transformation
of the fields, and the l → 0 limit. In this section we also introduce matter fields analogous
to the quark fields and the Higgs fields.
The W∞ algebra can be considered as the N → ∞ limit of the SU(N) algebra [10].
Therefore, the W∞ gauge theory or its variation w∞ gauge theory [7, 12] might be used
for the large N gauge theory. Since the w∞ gauge theory is a local theory and much easier
to be handled, it is important to determine whether this theory can serve for the large N
gauge theory or not. For this purpose we solve d = 1 gauge theory of Higgs field exactly in
section 4, which reveals also the quantum mechanical relationship between the W∞ theory
and the w∞ theory. In d = 1 there exists only the time component of the gauge potential
and the pure gauge theory is trivial but it constrains the states of Higgs field to be gauge
invariant. TheW∞ theory becomes essentially N =∞ limit of d = 1 gauged matrix model.
On the other hand the w∞ model becomes an infinite number of non-interacting quantum
mechanical systems. We use the collective field method [13] to solve these theories. The
spectrum of these two theories are in general different and coincides with the N =∞ limit
of SU(N) theory only for W∞ model. Based on this result we conclude that W∞ gauge
theory can but w∞ gauge theory cannot serve for the purpose of large N gauge theory.
2. W∞ and w∞ Algebra.
We define theW∞ algebra as a commutator algebra of all Hermitian operators ξ(aˆ, aˆ†)
in the Hilbert space of a harmonic oscillator [2]. A convenient parametrization for these
operators is achieved by using a real function ξ(z, z¯) as
ξ(aˆ, aˆ†) = ‡ξ(z, z¯)∣∣ z=aˆ
z¯=aˆ†
‡ =
∫
d2ze−|z|
2 |z〉ξ(z, z¯)〈z|, (2.1)
where aˆ† and aˆ are standard creation and annihilation operators and ‡ ‡ stands for
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the anti-normal-order symbol, i.e., all the creation operators stand to the right of the
annihilation operators. The last expression (2.1) is in the coherent state representation
(see A1). Obviously the product of two ξ’s is not anti-normally ordered and we bring it to
the anti-normal-order form by using the commutation relation [aˆ, aˆ†] = 1. We obtain (see
A.1)
ξ1(aˆ, aˆ
†)ξ2(aˆ, aˆ†) = ‡
∞∑
n=1
(−)n
n!
∂nz¯ ξ1(z, z¯)∂
n
z ξ2(z, z¯)
∣∣
z=aˆ
z¯=aˆ†
‡, (2.2)
from which the following commutation relation follows
[ξ1(aˆ, aˆ
†), ξ2(aˆ, aˆ†)] = i{{ξ1, ξ2}}(aˆ, aˆ†), (2.3)
where {{ξ1, ξ2}} is a Moyal bracket [11] defined by
{{ξ1, ξ2}}(z, z¯) ≡ i
∞∑
n=1
(−)n
n!
(∂nz ξ1(z, z¯)∂
n
z¯ ξ2(z, z¯)− ∂nz¯ ξ1(z, z¯)∂nz ξ2(z, z¯)) . (2.4)
The commutation relation (2.3) is that of the W∞ Lie algebra in the fundamental repre-
sentation. The W∞ is an infinite-dimensional Lie group with parameters being a set of
linearly independent real functions ξ(z, z¯). The generators ofW∞ are the linear functionals
of ξ(z, z¯). Thus we write for arbitrary representation:
[ρ[ξ1], ρ[ξ2]] = iρ[{{ξ1, ξ2}}], (2.5)
where ρ is the generator of W∞ group.
The Lie algebra of w∞ , the area-preserving diffeomorphisms, is defined by the com-
mutation relation
[ρ[ξ1], ρ[ξ2]] = iρ[{ξ1, ξ2}], (2.6)
where { , } is the Poisson bracket symbol.
It is well known [2] that one can obtain the w∞ algebra from theW∞ by a contraction.
To explain it let us introduce a length scale l in the z, z¯ space, which we call the color
space, and set
z =
1√
2l
(σx + iσy), z¯ =
1√
2l
(σx − iσy). (2.7)
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The Poisson bracket is the leading surviving term of the Moyal bracket in the l→ 0 limit.
To be more specific we set ξ(z, z¯) = l−2ξ(~σ) and obtain
lim
l→0
l2{{ξ1, ξ2}}(z, z¯) = ∂σxξ1(~σ)∂σyξ2(~σ)− ∂σyξ1(~σ)∂σxξ2(~σ)
≡ ǫij∂iξ1(~σ)∂jξ2(~σ)
≡ {ξ1, ξ2}(~σ).
(2.8)
In this paper we call this procedure as the l→ 0 contraction.
3. W∞ and w∞ Gauge Invariant Lagrangians
The W∞ gauge theory is a gauge field theory of W∞ as an internal symmetry algebra.
Let us discuss first the pure Yang-Mills theory. We introduce a gauge potential Aˆµ
which is a Hermitian operator in the harmonic oscillator Hilbert space as well as a function
of space time:
Aˆµ(x) ≡ Aµ(x, aˆ, aˆ†) =
∫
d2ze−|z|
2 |z〉Aµ(x, z, z¯)〈z|. (3.1)
The action is given by
SYM = − 1
4g2
∫
ddx tr
(FˆµνFˆµν), (3.2)
where Fˆµν is the field strength defined by
Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν]. (3.3)
We then rewrite these by using the coherent state representation:
SYM = − 1
4g2
∫ ∫
ddxd2z
∞∑
n=0
(−)n
n!
∂nzFµν(x, z, z¯)∂nz¯Fµν(x, z, z¯), (3.4)
where
Fµν(x, z, z¯) = ∂µAν(x, z, z¯)− ∂νAµ(x, z, z¯) + {{Aµ,Aν}}(x, z, z¯). (3.5)
This action is invariant under the W∞ gauge transformation:
δAˆµ(x) = ∂µξˆ(x)+i[ξˆ(x), Aˆµ(x)], δAµ(x, z, z¯) = ∂µξ(x, z, z¯)−{{ξ,Aµ}}(x, z, z¯). (3.6)
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In the coherent sate representation the gauge fields are formally d + 2 dimensional
local fields, d for space time and 2 for color space. However, the interactions are non-local
since the action involves derivatives of infinite order.
In the action (3.4) we no longer have damping factor e−|z|
2
because it is a trace
expression. Therefore we have to restrict the field configurations so that we can integrate
by parts in the color space. In this paper we define our W∞ gauge theories as d + 2
dimensional field theories such that all the fields and their derivatives vanish at z =∞.
Next, let us introduce a fermion field, which is a fundamental representation of W∞ ,
namely a field which transforms as a bra or ket vector in the Hilbert space of harmonic
oscillator:
|ψ(x)〉 =
∫
|z〉d2ze−|z|2〈z|ψ(x)〉 ≡
∫
|z〉 d2ze−|z|2ψ(x, z¯). (3.7)
We write the action as
SF =
∫
dnx〈ψ(x)| γµ(i∂µ − Aˆµ(x))|ψ(x)〉
=
∫ ∫
dnxd2ze−|z|
2
ψ¯(x, z)γµ
(
i∂µ −Aµ(x, z, z¯)
)
ψ(x, z¯),
(3.8)
which is invariant under the W∞ gauge transformation (3.6) and
δ|ψ(x)〉 = −iξˆ(x)|ψ(x)〉, δψ(x, z¯) = −i‡ξ(∂z¯, z¯)‡ψ(x, z¯), (3.9)
where ‡ ‡ indicates that the derivatives are placed on the left of z¯.
As a last example of W∞ gauge theory let us consider next a scalar field which is in
an adjoint representation. In this paper we call this field simply a Higgs field.
Mˆ(x) ≡M(x, aˆ, aˆ†) =
∫
d2ze−|z|
2 |z〉M(x, z, z¯)〈z|. (3.10)
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The action is given by:
SH =
∫
ddxtr
[
1
2
(
∂µMˆ(x)− [Aˆµ, Mˆ ](x)
)(
∂µMˆ(x)− [Aˆµ, Mˆ ](x))− v(Mˆ)]
=
∫
ddx
[∫
d2z
1
2
∞∑
m=0
(−)m
m!
∂mz
(
∂µM(x, z, z¯)− {{Aµ,M}}(x, z, z¯)
)×
×∂mz¯
(
∂µM(x, z, z¯)− {{Aµ,M}}(x, z, z¯))]− trv(Mˆ),
v(Mˆ) =
∑
n
gnMˆ
n, dim(gn) = d
(n
2
− 1
)
− n.
(3.11)
Here again we require that the fields and their z, z¯ derivatives should fall off to zero at
z = ∞. We can check that this action is invariant under the W∞ gauge transformation
(3.6) and
δM(x, z, z¯) = {{ξ,M}}(x, z, z¯), δMˆ(x) = −i[ξˆ(x), Mˆ(x)]. (3.12)
Notice that here again the interactions are non-local in the color space.
The quantization of the theory is done by the standard canonical quantization. Al-
though the interactions are non-local in the color space, they are local in the ordinary
space. Accordingly there is no problem for the quantization. We shall see it explicitly in
an example in the next section.
Let us discuss next the contraction procedure which will allow us to obtain the
w∞ gauge invariant actions from W∞ ones. For the fields in the adjoint representation
such as Aµ and M this procedure is straightforward. As we mentioned earlier, by intro-
ducing two real coordinates σx and σy as in (2.6) and by taking the l → 0 limit we reduce
Moyal bracket to Poisson bracket. If we simultaneously rescale the fields and the coupling
constants as
Aµ(x, z, z¯) = l−2Aµ(x, ~σ)
M(x, z, z¯) = (2π)
1
2 lM(x, ~σ)
g2 = g˜2l−6, gn = g˜n(2π)
1
2 l
2−n
,
(3.13)
we obtain from (3.4) and (3.11) the following w∞ gauge invariant d+ 2 dimensional local
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field theory:
SYM = − 1
4g˜2
∫
ddxd2~σFµν(x, ~σ)F
µν(x, ~σ),
Fµν(x, ~σ) = ∂µAν(x, ~σ)− ∂νAµ(x, ~σ) + ǫij∂iAµ(x, ~σ)∂jAν(x, ~σ);
SH =
∫
ddxd2~σ
[
1
2
(
∂µM(x, ~σ)− ǫij∂iAµ(x, ~σ)∂jM(x, ~σ)
) ×
×(∂µM(x, ~σ)− ǫij∂iAµ(x, ~σ)∂jM(x, ~σ))− v˜(M)] ,
v˜(M) =
∑
n
g˜nM
n(x, ~σ).
(3.14)
Here again we require that the fields vanish at ~σ =∞.
Setting ξ(x, z, z¯) = l−2ξ(x, ~σ) we obtain the w∞ gauge transformation:
δAµ(x, ~σ) = ∂µξ(x, ~σ)− ǫij∂iξ(x, ~σ)∂jAµ(x, ~σ)
δM(x, ~σ) = ǫij∂iξ(x, ~σ)∂jM(x, ~σ).
(3.15)
Even though the transformations (3.15) are obtained from (3.6) and (3.12) by the l → 0
limit, we can independently check that the actions (3.14) is really invariant by the w∞ gauge
transformation (3.15). We remark that the second equation of (3.15) can be written as
δM(x, ~σ) =M(x, ~σ + δ~σ(x, ~σ))−M(x, ~σ), δσi(x, ~σ) = −ǫij∂jξ(x, ~σ), (3.16)
which is a local area-preserving coordinate transformation.
As we mentioned earlier the damping factor e−|z|
2
cancels out in Lagrangians for
the fields in the adjoint representation such as Aµ and M , due to the property of the
trace in coherent state representation. But it remains there for the fields in fundamental
representation, such as Fermi field (see (3.8)). Therefore, a naive l → 0 limit leads to
the trivial result (SF ≡ 0). This may imply difficulty in introducing a Fermi field of
fundamental representation in w∞ theory.
We should mention that the YM lagrangian (3.14) had already been written down in
the literature [7, 8].
4. One Dimensional Higgs Model: One Dimensional W∞ and w∞ Matrix model
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In the previous section we presented a general method for constructing W∞ gauge
theory and then we obtained the w∞ gauge theories by using the l → 0 contraction
procedure from W∞ theories.
Several questions arise. Since W∞ group can be considered as an N = ∞ limit of
SU(N) group, can one use the W∞ gauge theory for the large N limit of SU(N) gauge
theory, especially for the large N QCD [9]? In the large N QCD one takes the N → ∞
limit keeping g2N finite. Since in W∞ theories N is already at infinity, how can one
implement the large N QCD condition ? A simple Feynman diagramatic calculation of
w∞ theory shows that the coupling constants are multiplicatively renormalized to absorb
the infinite volume of color space. In a similar way inW∞ guage theory the question arises
whether or not one can implement the QCD condition as a multiplicative renormalization
of coupling constants ? As shown in the previous section it is possible to obtain w∞ theory
from W∞ theory by contraction. This shows the relationship between these theories as
classical theories. How about in quantum theory ? Is there any physical region where one
can use the w∞ gauge theory for large N QCD ? In this section we address these questions
by solving the simplest one-dimensional case exactly.
Since in d = 1 there exists only time component of gauge field and the pure gauge
field model becomes trivial, we consider the gauge invariant Higgs model. This model
may be thought of as a gauged one dimensional W∞ (or w∞ ) matrix model [14]. We
solve it by using the collective field method [13]. Since we can carry out the discussions
entirely in parallel for bothW∞ and w∞ models, we present the corresponding expressions
simultaneously and put label a for W∞ model and label b for w∞ model.
One dimensional W∞ and w∞ matrix model Lagrangians are given by (compare with
(3.11) and (3.14) respectively):
L =tr
[
1
2
(∂tMˆ − [Aˆ0, Mˆ ])2 − v(Mˆ)
]
=
1
2
∫
d2z
(
∂tM(t, z, z¯)− {{A0,M}}(t, z, z¯)
)
e∂z∂z¯
(
∂tM(t, z, z¯)− {{A0,M}}(t, z, z¯)
)− trv(Mˆ),
(4.1a)
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L =
∫
d~σ
[
1
2
(
∂tM(t, ~σ)− ǫij∂iA0(t, ~σ)∂jM(t, ~σ)
)2 − v(M)] . (4.1b)
The canonical quantization leads to the following Hamiltonians:
H =
∫
P (z, z¯)∂tM(z, z¯; t)d
2z − L =
∫
d2z
1
2
∞∑
n=0
1
n!
∂nz P (z, z¯)∂
n
z¯ P (z, z¯) + trv(Mˆ), (4.2a)
H =
∫
P (~x)∂tM(~x; t)d
2x− L =
∫
d~σ
(
1
2
P (~σ)2 + v(M(~σ))
)
, (4.2b)
where P ’s are the canonical momentum operators conjugated to M ’s, with the following
commutation relations:
[Mˆ(z, z¯), Pˆ (z′, z¯′)] = iδ(2)(z − z′), (4.3a)
[Mˆ(~σ), Pˆ (~σ′)] = iδ(~σ − ~σ′). (4.3b)
TheW∞ (and w∞ ) gauge invariance of the actions (4.1) leads to the following constraints,
which we impose on the state vector |Ψ〉:
Πˆξ|Ψ〉 ≡
∫
d2z{{ξ, Mˆ}}Pˆ (z, z¯)|Ψ〉 = 0, (4.4a)
Πˆξ|Ψ〉 ≡
∫
d~σǫij∂iξ(~σ)∂jMˆ(~σ)Pˆ (~σ)|Ψ〉 = 0, (4.4b)
which simply state that the wave function (or the state vector) is gauge invariant and
depends only on gauge invariant singlet variables. Therefore in order to solve the problem
we choose the following W∞ (and w∞ ) invariant collective field as dynamical variables:
φ(x) = trδ(x−M(aˆ, aˆ†)), (4.5a)
φ(x) =
∫
d~σδ
(
x−M(~σ)). (4.5b)
We then change variables from P (z, z¯), M(z, z¯) to π(x), φ(x), where π(x) is a canonical
momentum conjugate to φ(x):
[π(x), φ(x)] = −iδ(x− x′) + const.. (4.6)
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The standard procedure (see A2) to do this is to compute Ω(x, x′) and ω(x). We describe
this calculation in Appendix A3. The definitions and the results are
Ω(x, x′) ≡ −
∫
d2z
∞∑
n=0
1
n!
[∂nz¯ P (z, z¯), φ(x)][∂
n
z P (z, z¯), φ(x
′)] = ∂x∂x′ [δ(x− x′)φ(x)],
(4.7a)
Ω(x, x′) ≡ −
∫
d~σ[P (~σ), φ(x)][P (~σ), φ(x′)] = ∂x∂x′
[
δ(x− x′)φ(x)], (4.7b)
and
ω(x) ≡
∫
d2z
∞∑
n=0
1
n!
[∂nz¯ P (z, z¯), [∂
n
z P (z, z¯), φ(x)]] = 2∂x[φ(x)G(x;φ)], (4.8a)
ω(x) ≡
∫
d~σ[P (~σ), [P (~σ), φ(x)]] = −κ2∂2xφ(x), (4.8b)
where κ2 = δ2(0), and G(x;φ) = P
∫ φ(x′)
x−x′ . Notice that we obtained the same expression
for Ω for both theories but quite different expressions for ω.
In the collective field theory the hermiticity requirement of the Hamiltonian leads to
the following equation for the Jacobian J of change of variables:
ω(x) + 2
∫
dx′Ω(x, x′)C(x′) = 0, C(x) =
1
2
δ
δφ(x)
J, (4.9)
Using (4.7) and (4.8) and assuming ∂xφ(−∞) = φ(−∞)∂xC(−∞) = 0 we obtain
∂xC(x) = G(x;φ), (4.10a)
∂xC(x) = −1
2
κ2
∂xφ(x)
φ(x)
= −1
2
κ2∂x lnφ(x). (4.10b)
Since the kinetic energy part of the hermitian Hamiltonian in the collective field theory
is given by
K =
1
2
∫ ∫
dxdx′
[
π(x)Ω(x, x′)π(x′) + C(x)Ω(x, x′)C(x′)
]
, (4.11)
using (4.7) and (4.10) we obtain the following Hamiltonians:
H =
∫
dx
(
1
2
(∂xπ(x))
2
φ(x) +
π2
6
φ(x)3 + v(x)φ(x)
)
− e
(∫
dxφ(x)−N
)
(4.12a)
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H =
∫
dx
(
1
2
∂xπ(x)φ(x)∂xπ(x) +
1
8
κ4
(∂xφ(x))
2
φ(x)
+ v˜(x)φ(x)
)
− e
(∫
dxφ(x)− L2
)
(4.12b)
where e is a Lagrange multiplier to insure
∫
dx φ(x) = tr1 ≡ N (for W∞), (4.13a)
∫
dx φ(x) =
∫
d~σ ≡ L2 (for ω∞) (4.13b)
which follows from the definition of collective field (4.5). Notice that eventually we have
to take N → ∞, κ → ∞, L → ∞. For this purpose we first make the following scale
transformations:
x→ N1/2x, φ(x)→ N1/2φ(x), π(x)→ N−1π(x), e→ Ne (4.14a)
x→ κx, φ(x)→ L2κφ(x), π(x)→ L−2π(x), e→ κ2e (4.14b)
which preserve the canonical commutation relation (4.6). We obtain
H =
∫
dx
[
1
2N2
(∂xπ(x))
2
φ(x) +N2
(
π2
6
φ(x)3 + u(x)φ(x)− eφ(x)
)]
+N2e (4.15a)
H =
∫
dx
[
1
2N2
(∂xπ(x))
2
φ(x) +N2
(
1
8
(∂xφ(x))
2
φ(x)
+ u˜(x)φ(x)− eφ(x)
)]
+N2e (4.15b)
where for w∞ we set N ≡ Lκ and
u(x) =
∑
n
N(
n
2
−1)gnxn ≡
∑
n
αnx
n, (4.16a)
u˜(x) =
∑
n
κn−2g˜nxn =
∑
n
(κl)n−2gnxn ≡
∑
n
α˜nx
n. (4.16b)
We know from the previous study [13, 15] that the 1/N expansion of Hamiltonians (4.15)
is a standard semi-classical expansion and in the N →∞ limit the excitation spectrum is
finite provided that u(x) is finite and given by
H =
1
2
∞∑
n=0
(
p2n + ω
2
nq
2
n
)
, [qn, pm] = iδnm, (4.17)
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where
ωn = nπ/T, T =
∫ x˜2
x˜1
dx′√
2(e˜0 − u(x′))
,
1
π
∫ x˜2
x˜1
dx′
√
2(e˜0 − u(x′)) = 1, (4.18a)
ωn = En − E0,
(
−1
2
∂2x + u˜(x)
)
χn(x) = Enχn(x) (4.18b)
The derivation of these results will be given in detail in Appendix A4 and A5.
The result for W∞ model exactly coincides with the N →∞ limit of the matix model
discussed in [13, 15]. Of cource it is expected already from the equations (4.7a) and (4.8a)
since these equations coincide with the ones obtained in [13]. The infinite volume of color
space (i.e. N) is absorbed by the multiplicative renormalization into the coupling constants
(see (4.16)).
The W∞ effective Hamiltonian (4.15a) is actually an element of the w∞ spectrum
generating algebra [1]. However this w∞ symmetry is not directly related to the original
W∞ gauge symmetry of the Lagrangian, since the dynamical w∞ transformations are
realized non-trivially in the physical Hilbert space while the original W∞ gauge symmetry
acts trivially in the physical Hilbert space.
As we see in (4.18) the energy spectrum of W∞ model is that of bosons with equally
spaced frequencies irrespective of its interactions. For the w∞ model the equally spaced
spectrum occurs only when α˜n = 0 for n 6= 2, namely the free w∞ theory. It appears that
in quantum theory the l → ∞ contraction of W∞ theory is a free w∞ theory. Therefore,
it is not possible to learn W∞ theory by studying w∞ theory.
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Appendix A1. Coherent state representation
We list the definitions and basic properties of the coherent state representation which
we use throughout the paper:
|z〉 = eaˆ†z|0〉, 〈z| = 〈0|eaˆz¯, 〈z′|z〉 = ez¯′z
aˆ|z〉 = z|z〉, 〈z|aˆ† = 〈z|z¯,
∫
d2ze−|z|
2 |z〉〈z| = 1, d2z ≡ dRez dImz
π
(A1.1)
For a given real function ξ(z, z¯) =
∑
m,n ξmnz
nz¯m we obtain
ξ(aˆ, aˆ†) =
∑
m,n
ξmnaˆ
n(aˆ†)m =
∫
d2ze−|z|
2
∑
m,n
ξmnaˆ
n|z〉〈z|(aˆ†)m =
∫
d2ze−|z|
2 |z〉ξ(z, z¯)〈z|
(A1.2)
A proof of (2.2) goes as follows.
ξ1(aˆ, aˆ
†)ξ2(aˆ, aˆ†) =
∫
d2ze−|z|
2
∫
d2z′e−|z
′|2 |z〉ξ1(z, z¯)ǫz¯z
′
ξ2(z
′, z¯′)〈z′|
=
∫
d2ze−|z|
2
∫
d2z′e−|z
′|2 |z〉ξ1(z, z¯)ξ2(−←−∂ z¯, z¯′)ǫz¯z
′〈z′|
=
∫
d2z|z〉ξ1(z, z¯)ξ2(z −←−∂ z¯, z¯)ǫ−|z|
2〈z|
=
∫
d2ze−|z|
2 |z〉
∞∑
n=1
(−)n
n!
∂nz¯ ξ1(z, z¯)∂
n
z ξ2(z, z¯)〈z|
= ‡
∞∑
n=1
(−)n
n!
∂nz¯ ξ1(z, z¯)∂
n
z ξ2(z, z¯)
∣∣
z=aˆ
z¯=aˆ†
‡. (2.2)
A2. Change of variables in quantum mechanics [13]
We start with a standard form for the Hamiltonian and Schro¨dinger equation which
is given by
Hˆψ =
(
− 1
2
N∑
a=1
∂2
∂qa 2
+ V (q)
)
ψ(q) = Eψ(q) (A2.1)
We consider a transformation given by
qa −→ Qa = fa(q), qa = F a(Q) (A2.2)
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We use the chain rule of differentiation to convert the derivatives with respect to q’s into
derivatives with respect to Q’s.
−1
2
∑
a
∂2
∂qa 2
ψ(q) =
1
2
(
− i
∑
ab
∂2f b
∂qa 2
∂
i∂Qb
+
∑
abc
∂f b
∂qa
∂f c
∂qa
∂
i∂Qb
∂
i∂Qc
)
ψ(F (Q))
(A2.3)
We define
ωa(Q) ≡ −
∑
b
∂2Qa
∂qb 2
= −
∑
b
∂2fa
∂qb 2
, Ωab(Q) ≡
∑
c
∂Qa
∂qc
∂Qb
∂qc
=
∑
c
∂fa
∂qc
∂f b
∂qc
. (A2.4)
Then we obtain
Hˆψ =
[
i
2
(
i
∑
a
ωa(Q)Pa +
∑
ab
Ωab(Q)PaPb
)
+ V˜ (Q)
]
ψ(F (Q)), (A2.5)
where we set 1
i
∂
∂Qa
= Pa, V˜ (Q) ≡ V (F (Q)).
The Hamiltonian after the change of variables appears to be non-Hermitian if we take
the naive Hermitian conjugate: Pa
† = Pa, Qa† = Qa. This is because H is Hermitian in
the original q-space. But after the change of variables, the Q-space should be defined by
multiplying the wave function by the square root of the Jacobian in order to satisfy the
naive Hermitian conjugation prescription:∫
dq ψ∗1(q)ψ2(q) =
∫
J(Q) dQψ∗1(F (Q))ψ2(F (Q)) =
∫
dQΨ∗1(Q)Ψ2(Q), (A2.6)
where Ψ(Q) = J1/2(Q)ψ(F (Q)). The Hamiltonian in Q-space is then obtained by a simi-
larity transformation
Heff = J
1/2HJ−1/2, (A2.7)
which should be Hermitian.
In practice the Jacobian is difficult to calculate while ω and Ω defined by (A2.4) are
relatively easy to compute. So, it would be nice if Heff is expressed in terms of ω and
Ω. Notice first J†(Q) = J(Q†) = J(Q), accordingly J1/2PaJ−1/2 = Pa + iCa(Q), where
Ca(Q) =
1
2
∂
∂Qa
lnJ(Q) and C†a = Ca. We obtain
Heff =
1
2
[
i
∑
a
ωa(Q)(Pa + iCa) +
∑
ab
Ωab(Pa + iCa)(Pb + iCb)
]
+ V˜ (Q). (A2.8)
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Since Heff should be Hermitian, Heff−H†eff = i
∑
a
{
(ωa + 2
∑
bΩ
abCb +
∑
b Ω
ab
,b), Pa
}
+
=
0, and by taking a commutator bracket with Qa we obtain
ωa + 2
∑
b
ΩabCb +
∑
b
Ωab,b = 0. (A2.9)
This is the equation that determines Ca. Heff is then computed as
Heff =
1
2
∑
ab
[
PaΩ
abPb + CaΩ
abCb + (CaΩ
ab),b
]
+ V˜ (A2.10)
(A2.9) and (A2.10) are the main results.
A3. Calculation of Ω and ω
In order to calculate Ω(x, x′) and ω(x) for W∞ theory one needs the following equa-
tions:
[P (z, z¯), e−ikM(aˆ,aˆ
†)] = −e−|z|2k
∫ 1
0
dτe−ikτM(aˆ,aˆ
†)|z〉〈z|e−ik(1−τ)M(aˆ,aˆ†),
[P (z, z¯), φ(k)] = −ke−|z|2〈z|e−ikM(aˆ,aˆ†)|z〉,
[P (z, z¯), [P (w, w¯), φ(k)]] = k2e−|z|
2−|w|2
∫ 1
0
dτ〈w|e−ikτM(aˆ,aˆ†)|z〉〈z|e−ik(1−τ)M(aˆ,aˆ†)|w〉.
(A3.1)
The proof is straightforward once we realize the following identity:
ǫ−|z|
2
∑
n
1
n!
(
(∂z − z¯)n|z〉
)(
(∂z¯ − z)n〈z|
)
= 1. (A3.2)
The (A3.2) expresses the completeness property of the generators of W∞ fundamental
representation. It can be considered as a generalization of the completeness property of
SU(N) generators to the case of N =∞ . One can prove this identity by multiplying both
sides by arbitrary ket vector |z′〉. Then the right hand side is |z′〉 and the left hand side is
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equal to:
ǫ−|z|
2
∑
n
1
n!
(aˆ† − z¯)n|z〉(∂z¯ − z)nǫz¯z
′
=
∑
n
1
n!
(
(aˆ† − z¯)(z′ − z))n|z〉ǫ−|z|2+z¯z′
= ǫ(aˆ
†−z¯)(z′−z)|z〉ǫ−|z|2+z¯z′
= ǫaˆ
†z′ǫ−aˆ
†z|z〉
= |z′〉 (QED)
(A3.3)
A4. Solution of W∞ matrix model
Although we can solve this model starting from (4.15a) in a straightforward fashon
[15] as we shall discuss it in A5 for w∞ model, in this Appendix we solve it in a slightly
different way which illuminates the dyanmical group structure of the theory.
We start with the Hamiltonian (4.12a) with the constraint (4.13a):
H =
∫
dx
(
1
2
(∂xπ(x))
2
φ(x) +
π2
6
φ(x)3 + v(x)φ(x)
)
,
∫
dxφ(x) = tr1 = N. (A4.1)
Using y±(x) = ±πφ(x)− ∂xπ(x) one [16] writes the Hamiltonian and the constraint as
H =
1
2π
∫
dx
∫ y+(x)
y−(x)
dy
(
1
2
y2 + v(x)
)
,
1
2π
∫
dx
∫ y+(x)
y−(x)
dy = N, (A4.2)
where y±(x) ’s satisfy the commutation relation
[y±(x), y±(x′)] = ∓2πiδ′(x− x′). (A4.3)
We diagonalize this Hamiltonian by a canonical transformation. In the integral of
(A4.2) we change variables from y, x to e, ξ such that e = 12y
2 + v(x). The action integral
is the generator of transformation S(x, e) =
∫ x
ydy = ± ∫ x√2(e− v(x′))dx′, accordingly
ξ = ∂S
∂e
= ± ∫ x dx′√
2(e−v(x′)) , where ± is for positive and negative ξ respectively. The
boundary of the phase space is transformed from y±(x) to e(ξ)
e(ξ) =
1
2
y2±(x) + v(x) (A4.4)
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and the Hamiltonian and the constraint are given by
H =
1
2π
∮
dξ
∫ e(ξ)
ede,
1
2π
∮
dξ
∫ e(ξ)
de = N. (A4.5)
We expand e(ξ) around the minimum configuration e0 of H: e(ξ) = e0 + δe(ξ), where
e0 is given by a solution of
1
π
∫ x2
x1
√
2(e0 − v(x))dx = N, (A4.6)
where x1 and x2 are the turnning points.
Since we see from (A4.6) that e0 is of order N , we may assume e0 ≫ δe(ξ) and we
may approximate ξ on the boundary by ξ(x) = ± ∫ x
x1
dx′√
2(e0−v(x′))
and the half period by
T =
∫ x2
x1
dx′√
2(e0 − v(x′))
=
∫ x˜2
x˜1
dx′√
2(e˜0 − u(x′))
, (A4.7)
where e˜0 = N
−1e0, x˜1 = N−
1
2 x1 and u(x) = N
−1v(N
1
2 x) (see (4.16a)).
Since the commutation rules of e(ξ)’s are given by
[e(ξ), e(ξ′)] =
[
1
2
y2±(x) + v(x),
1
2
y2±(x
′) + v(x′)
]
= ∓2πiy±(x)y±(x′)δ′(x− x′)
≈ −2πiδ′(ξ − ξ′),
if we define θ and r(θ) by θ = ωξ, r(θ) = ω−1δe(ξ), ω = pi
T
, we obtain
[r(θ), r(θ′)] = −2πiδ′(θ − θ′) (A4.8)
The normal mode expansion of r(θ) is given by r(θ) =
√
2
ω
∑
n>0(sin(nθ)pn+nω cos(nθ)qn),
and leads to the following Hamiltonian:
H = E0 +Hcoll,
Hcoll =
∮
dξ
2π
∫ δe(ξ)
0
ede = ω
∮
dθ
2π
1
2
(r(θ))2 =
1
2
∑
n
(p2n + ω
2
nq
2
n)),
ωn = nω = n
π
T
.
(A4.9)
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From (A4.6) and (A4.7) it is obvious that T−1 is finite in the large N limit provided u(x) is
finite. In the double scaling limit one of the turning points goes to infinity so that T →∞
and we obtain the continuous spectrum (chiral Boson).
The reason why we could solve the W∞ model by a canonical transformation is that
there exists a dynamical w∞ algebra in the physical Hilbert space and the Hamiltonian is
a generator of the algebra. We simply quote a result of [2], namely ρ[ξ]’s defined by
ρ[ξ] =
∮
dθ
2π
∫ r(θ)
drξ(r, θ), (A4.10)
satisfy the w∞ commutation relation (2.6).
A5. w∞ Matrix Model
We first obtain the field configuration at which the potential energy of (4.15b) is
minimum. The equations are −14∂
(
∂φ
φ
)
− 18
(
∂φ
φ
)2
+ u˜(x) = e and
∫
dxφ(x) = 1. For the
variable ϕ(x) =
√
φ(x) the first equation is the Scro¨dinger equation
(−1
2
∂2 + u˜(x)
)
ϕ(x) =
eϕ(x) and the second equation is the normalization of the wave function. Therefore we
consider an orthonormal set of eigenfunction χn with eigenvalue En. We set φ(x) =
χ20(x) +
1√
N
η(x), π(x) =
√
Nζ(x) and expand the Hamiltonian. We obtain
H =
1
2
∫
dx
[
χ20(x)
(
∂ζ(x)
)2
+
1
4
(
(∂η(x))2
χ20(x)
+ (2∂2 lnχ0)
η2(x)
χ20(x)
)]
(A5.1)
η(x) and ζ(x) satisfy the canonical commutation relation:
[∂ζ(x), η(x′)] = −iδ′(x− x′) (A5.2)
and the constraint
∫
dxη(x) = 0. The normal mode expansion is now straightforward:
η(x) = χ0(x)
∞∑
n=1
√
2ωnχn(x) qn, ζ(x) = χ
−1
0 (x)
∞∑
n=1
1√
2ωn
χn(x) pn. (A5.3)
and
H =
1
2
∞∑
n=0
(
p2n + ω
2
nq
2
n
)
, [qn, pm] = iδn,m , ωn = En −E0. (A5.4)
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